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In this paper, the non-linear free vibration of a string with large amplitude is considered.
The initial tension, lateral vibration amplitude, cross-section diameter and the modulus of
elasticity of the string have main e!ects on its natural frequencies. Increasing the lateral
vibration amplitude makes the assumption of constant initial tension invalid. Therefore, it is
impossible to use the classical equation of transverse motion assuming a small amplitude.
On the other hand, by increasing the string cross-sectional diameter, the bending moment
e!ect will increase dramatically, and it will act as an impressive restoring moment.
Considering the e!ects of the bending moments, the non-linear equation governing the large
amplitude transverse vibration of a string is derived. The time-dependent portion of the
governing equation has the form of the Du$ng equation. Due to the complexity and
non-linearity of the derived equation and the fact that there is no established exact solution
method, the equation is solved using the perturbationmethod. The results of the analysis are
shown in appropriate graphs, and the natural frequencies of the string due to the non-linear
factors are compared with the natural frequencies of the linear vibration of a string without
bending moment e!ects.

� 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION

The governing equation for small transverse vibrations of an elastic string which is
subjected to a large tensional force was obtained more than 200 years ago, and for the "rst
time, Kirchho! studied non-linear vibrations of a string in 1876. Other researchers have
also considered vibrations of a string which is subjected to di!erent types of boundary and
loading conditions. However, the bending moment e!ects have been neglected in all of the
previous works. Carrier [1, 2] considered the string vibration as a combination of lateral
and axial motions and obtained two equations of motion in those directions but neglected
the bending moment e!ects.
Recently, Leissa and Saad [3] have investigated the large amplitude vibration of a string

and obtained two simultaneous non-linear di!erential equations and solved them using the
Galerkin method, neglecting the bending moment e!ects. Validity of the results is veri"ed
by "nite di!erence solutions. Zhu et al. [4] have examined the vibrations of ballooning
elastic strings. In this investigation, the non-linear dynamic response of a string which is
0022-460X/02/$35.00 � 2002 Elsevier Science Ltd. All rights reserved.
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"xed at one end and subjected to a constant circular motion at the other end has been
studied. Tan and Ying [5] studied the vibrational behaviour of an axially moving string.
They o!ered a method to obtain the longitudinal and lateral vibration response of the
string. The method was derived in the frequency domain and interpreted in terms of wave
propagation functions. Zhu et al. [6] have studied asymptotic distribution of a translating
string eigenvalues using a new spectrum analysis method. The string is constrained at some
arbitrary location which is modelled as a mass}spring}damper system. The asymptotic
solution for eigenvalues is obtained using the characteristic equation of the coupled system
of constraint and string for all parameters of the constraint. Xiong and Hutton [7] have
investigated the small amplitude vibration of a string with circular motion which is
restrained by point and distributed springs. The governing equation and the boundary
conditions are derived using the Hamilton's principle. Terumichi et al. [8] have investigated
the unsteady vibration of a string. The lower end of the string is attached to a mass}spring
system, and the spring has a time varying length. The string is hung, and the upper end of
the string is excited by a horizontal and sinusoidal displacement. Some investigations have
been devoted to the measurement and control of string vibrations. Achkire et al. [9] have
studied a non-contact measurement method for lateral vibration of a string using an
analogue position sensing detector. Fung et al. [10] examined the control of string vibration
using variable structure control (VSC) method. The objective of the investigation was
suppression of the axially moving string vibrations in a short time. All of the
above-mentioned studies have used either the classical or non-linear theory of string
vibration neglecting the bending moment e!ects. The numerical methods are mainly used
for vibration analysis of string which is subjected to di!erent types of boundary and loading
conditions.
Considering the bending moment e!ects, the non-linear and large amplitude vibration

analysis of a string is studied in this paper. For the sake of brevity, the phrase of &&the
non-linear vibration of a wire'' will be used instead of &&the large amplitude and non-linear
vibration of a string under bending moment e!ects''. Here, the equation governing the large
amplitude and non-linear vibration of a wire is derived and analyzed. The e!ects of
important parameters such as an increase in vibration amplitude, or an increase in wire
cross-sectional diameter and its initial tension, on natural frequencies are examined. The
results obtained through the non-linear vibration analysis of a wire are compared with
those of three theories: the classical theory of string vibration, the non-linear theory of string
vibration, and the linear theory of wire vibration. The obtained results are shown in
appropriate graphs.

2. DERIVATION OF THE EQUATION GOVERNING THE NON-LINEAR
VIBRATION OF A WIRE

According to the classical theory of string vibration, the equation governing lateral
vibration of the string will be the one-dimensional wave equation which has been studied
thoroughly in many references, e.g., reference [11].
If the vibration amplitude of the string is large, one cannot expect that the tension force

during the string vibration remains constant and in this case, the non-linear vibration of the
string will be encountered. In classical and/or non-linear theory of string vibration one
neglects the bending strength. On the other hand, if one attempts to examine the vibrations
of a wire, the bending strength cannot be neglected. Moreover, if the large amplitude
vibrations of a thick wire is considered, neither can the bending strength be neglected, nor
does the tension force during the wire vibration remain constant. In such cases, the classical



Figure 1. (a) An element of a vibrating wire. (b) The free body diagram of the element.
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and the non-linear vibration of a string cannot be used. Therefore, in order to study the
non-linear vibrations of a wire, one needs to derive the governing equation. For this end,
consider an element of the vibrating wire of length dx, as shown in Figure 1(a) for which the
free body diagram of this element is shown in Figure 1(b).
Since all of the forces are assumed to be conservative, then the Hamilton's principle may

be written as [12,13]

��
��

��

(K!P) dt"0, (1)

where K is the kinetic energy and P is the potential energy of the system. Considering the
transverse vibrations of the wire, the kinetic energy of the element may be expressed as follows:

dK(t)"
1

2
dm�

�y(x, t)
�t �

�
, (2)

where dm is the mass of the wire element.
In general, the mass per unit length of the wire �(x) is a function of x. Therefore, the total

kinetic energy of the system at an arbitrary time t may be written as

K(t)"
1

2 �
��

�
�
�y
�t�

�
� (x) dx. (3)

The potential energy of the vibrating wire may be considered to come from the three facts: (1)
an initial tension of the wire, (2) an increase in length of the wire with respect to its initial
length at the static equilibrium position, and (3) the presence of the bending moment e!ects.
These three parts of the potential energy of the system may be calculated separately. As
mentioned before, in the case of large amplitude vibration of the wire, the tension force cannot
be assumed to remain constant, because the initial length of the wire at static equilibrium
position, l

�
, will increase to a large value, l, in a de#ected position. Accordingly, the initial

tension force ¹
�
will be increased to ¹. If the wire is made of a linear elastic material, then

using the Hook's law, the tension force of the wire at any arbitrary time tmay be expressed as

¹(t)"¹
�
#

EA

l
�

�l
�
(t), (4)

where E is the modulus of elasticity, A is the cross-sectional area of the wire, and �l
�
(t) is an

increase in the initial length of the wire, l
�
, at a given time t.

If y (x, t) represents the de#ection function at time t, the elongation of the wire at time t is

�l
�
(t)"�

��

�
�1#�

�y(x, t)
�x �

�
dx!l

�
(5)
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and the tensional force at an arbitrary time may be obtained as

¹ (t)"¹
�
#

EA

l
�
��

��

�
�1#�

�y(x, t)
�x �

�
dx!l

�� . (6)

The initial constant tension force, ¹
�
, causes an initial potential energy stored in the wire,

P
�
. According to the Hamilton's principle, equation (1), for the formulation of the system's

equation of motion, the variations of the kinetic and potential energy of the system must be
considered, and the variations of the initial constant potential energy, P

�
, is zero, i.e.,

�P
�
"0. Then P

�
may be considered as a reference level of the potential energy, and the

potential energy of the system may be measured relatively with respect to that reference
level.
According to the above-mentioned assumption and considering the initial tension force

¹
�
which remains constant, and using equation (6), the stored potential energy of the wire

element with a length of dxwhich comes from the initial tension force, and its variations due
to the variations of the wire length, can be expressed as
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dx!dx� . (7)

Integrating the above equation along the wire length, and expanding the expressions
under the radical signs gives
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On the other hand, the potential energy which comes from the presence of the bending
moment e!ects is

P
�
(t)"

1

2 �
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�

EI (x) �
��y

�x��
�
dx. (9)

Substituting equations (3), (8), and (9) into equation (1), and using the variational method
and applying the integration by parts gives
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(10)

Considering the arbitrariness of the virtual displacement, �y, over the domain 0(x(l
�
,

and assuming that either �y or its coe$cient is zero at the boundaries, and similarly
assuming that either � (�y/�x) or its coe$cient is zero at the boundary points, then the above
equation can be satis"ed if and only if
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(11a)
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and

�
�x�EI(x)
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#
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�y
�x�

�
dx�

�y
�x

"0 at x"0, x"l
�

(11b)

or

y"0, at x"0, x"l
�

(11c)

and

EI (x)
��y

�x�
"0 at x"0, x"l

�
(11d)

or

�y
�x

"0 at x"0, x"l
�
. (11e)

Equation (11a) is the equation of motion governing the non-linear vibration of the wire.
This equation is a non-linear fourth order partial di!erential equation and requires four
boundary conditions. Equations (11b) and (11c) provide two boundary conditions, one at
x"0 and the other at x"l

�
, and the two remaining boundary conditions are provided by

the equations (11d) and (11e). The choice of the four boundary conditions in equations
(11b)}(11e) depends on the nature of the boundaries of the problem considered, e.g., if both
the ends of the wire are hinged, equations (11c) and (11d) will be the appropriate boundary
conditions. If the elastic behaviour of the wire and its cross-sectional area remain constant
along its length, the equation of motion and the associated boundary conditions of the
hinged wire may be written as

EI
��y
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dx�

��y
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"0 (12a)

y(x, t)"0 at x"0, x"l
�

(12b)

and

EI
��y

�x�
"0 at x"0, x"l

�
. (12c)

3. SOLUTION OF THE GOVERNING EQUATION

As seen from integro-di!erential equation (12a), the coe$cient of the second term
depends on the �y/�x along the wire length, and the presence of this term makes this
equation di!erent from that of the beam equation of motion. In order to examine the
in#uence of the parameters, such as the wire diameter, vibration amplitude of the wire, and
its initial elongation, on the natural frequencies corresponding to the individual natural
modes of the non-linear vibration of the wire, the system response at the rth vibrational
mode is proposed as follows:

y
�
(x, t)"G

�
(t)c

�
sin�

�
x, (13)

where c and � are constants.

� �
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One advantage of considering the solution of the governing equation at any vibrational
modes individually as in equation (13) is that the governing equation will be separable and
the non-linear vibration of the wire can be easily examined in an arbitrary vibrational mode.
However, if the solution of the equation is considered as a general form of the combination
of contribution of all the natural modes, the governing equation cannot be separated, and
the problem becomes complicated.
By substituting equation (13) into equation (12), the governing equation may be

separated. Then, the spatial dependent part of the solution, i.e., >
�
(x)"c

�
sin �

�
x, must

satisfy the boundary conditions. It is obvious that the boundary conditions at x"0 are
satis"ed automatically, and for the boundary conditions at x"l

�

>
�
(x) �

����
"EI

d�>
�
(x)

dx� 	
����

"0Nc
�
sin �
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l
�
"!EIc

�
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�
l
�
"0. (14)

The above equation has an in"nite number of solutions as

�
�
"

r�
l
�

, r"1, 2,2. (15)

Moreover, since both the ends of the wire are simply supported, then relation (13) will be the
solution of equation (12a) at the rth mode. In fact, due to this di!erence in the form of the
boundary conditions of the vibrating wire and those of the vibrating string, the bending
moment e!ects are highlighted. Substituting equation (13) into equation (12a) gives
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Dividing the above equation by c
�
sin�

�
x, and rearranging the obtained equation gives

GG
�
(t)#
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�
(t)#��

� �
¹

�
#EI��

�
� �G�

(t)"0. (17)

Equation (17) is the time-dependent part of (12a), and is a non-linear equation.
The perturbation method is one of the most appropriate methods which can be used to

solve this type of equation. It provides a useful approximate analytical tool for solving
a large class of non-linear equations. Using the perturbation method, a complex non-linear
problemmay be decomposed into an in"nite number of relatively easy ones. In this method,
the solution of the perturbated problem is considered as the sum of the solution of the
unperturbated problem and a sequence of terms/functions with increasing power of a small
parameter as their coe$cients, so that the "rst few terms reveal the important feature of the
solution.
Unlike the numerical methods, the perturbation approach provides a good physical

insight into the problem considered, and the in#uence of all the parameters on the solution
can be assessed easily.
Due to the large coe$cient of the non-linear term in equation (17), the perturbation

method cannot readily be applied in order to solve the equation. For this purpose, a new
function is introduced, g

�
(t), as

¹
�
#EI��
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G
�
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�
(t). (18)
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Substituting equation (18) into equation (17), and arranging terms gives
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�
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The above equation has a solution for a given r, and a sequence of solutions corresponding
to r"1, 2, 3,2 is obtained. Equation (19) may be written in a more simple form if the
coe$cients of the terms g

�
(t) and g�

�
(t) are represented by the new parameters p

�
and �

�
,

respectively, as

gK
�
(t)#�

�
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�
(t)#p

�
g
�
(t)"0. (20)

If the cross-section of the wire is a circle with diameter D, mass per unit volume �
�
, and

denoting the di!erence between the stretched and unstretched length of the wire by �, the
coe$cients, p

�
and �

�
, in equation (20) may be obtained as
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Er���
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�
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�
�l��#�

r�D
4 �

�

�, �
�
"

�
�
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�
(r�)�
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�
)�]�

. (21a, b)

It is obvious from equation (20) that by omitting the non-linear term, p
�
will be equal to the

square of the natural frequency of the rth linear vibrational mode of a wire �
��
:

p
�
"��

��
. (22)

Equation (20) has a special form which is known as the Du.ng equation, and it may be
solved using the techniques introduced in references [14, 15]. If the wire is deformed to
a sine wave shape with an amplitude of c

�
, i.e., >

�
(x)"c

�
sin �

�
x, and released from the rest

at time t"0, then
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�
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Considering equation (18) and the above initial conditions gives

g
�
(0)"(¹

�
#EI��

�
)/�, g	

�
(0)"0. (24a, b)

In equation (20), p
�
and �

�
are positive constants; moreover, �

�
is the coe$cient of the

non-linear term and it is a small parameter which depends on the initial tension, the
mechanical properties and the geometrical dimensions of the wire as well as the mode
number and the corresponding amplitude of the natural vibration mode. Therefore, g

�
(t) at

each vibration mode, and its corresponding natural frequency of the non-linear vibration,
�

�
, can be expressed as the following sequences with increasing powers of �

�
:

g
�
(t)"g

��
(t)#�

�
g
��
(t)#��

�
g
��
(t)#2, ��

�
"��

��
#�

�


�
#��

�


�
#2, (25, 26)

where g
��
(t) and 


�
are unknown.

Substituting g
�
(t) and ��

�
into equation (20) gives
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The above equation implies that the coe$cients of any powers of �
�
have to be equal to zero,

then

gK
��

#��
�
g
��

"0, gK
��
(t)

�
#��
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"
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g
��

!g�
��
. (28a, b)

Applying the initial conditions, and solving the above equations gives

g
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(t)"

¹
�
#EI��

�
�

cos�
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t, (29)
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�
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�
� �

�
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Upon substituting equations (29) and (30) into equation (25), and changing the variables in
equation (18), the following results are obtained:
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�
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�
l�
�

32��
�
(r�)�

(cos 3�
�
t!cos�

�
t), (32b)

then the solution y
�
(x, t) will be
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r�x
l
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�
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�
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�
t)�. (33)

Equation (33) represents the response of the stretched simply supported wire to a sine wave
shape initial de#ection with an amplitude of c

�
. This equation shows that if the wire is

initially deformed into one of its natural mode shapes, the response will occur purely at the
excited mode. In this case, it is easy to examine the in#uence of the parameters like wire
diameter, initial elongation of the wire and its vibration amplitude on any natural frequency
of the desired vibrational mode. On the other hand, given the geometrical dimensions and
the mechanical properties of the wire as well as its initial tension and vibration amplitude,
the non-linear behaviour of the wire at di!erent natural modes can be investigated.
Moreover, having calculated the response of the system to a sine wave shape initial
de#ection at the rth mode (equation (33)), the response of the system to an arbitrary initial
de#ection function can be obtained by combining the responses y

�
(x, t) of all modes and

obtaining the unknowns, c
�
's. Here, as mentioned, the non-linear behaviour of individual

modes and their corresponding natural frequencies is considered.
Substituting equation (31) into equation (26), the angular natural frequencies of the

non-linear vibration of the wire may be calculated as
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�
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Figure 2. The in#uence of vibration amplitude on the results obtained using the four theories in the third mode:
(a) c

�
"0)5�10��m, (b) c

�
"0)001 m, (c) c

�
"0)003 m, and (d) c

�
"0)005 m. )))))))), linear vibration of a string;

- ) - ) - ) -, linear vibration of a wire (bending moment e!ects); - - - - - - - - non-linear vibration of a string; **,
non-linear vibration of a wire (the e!ects of the bending moments and the vibration amplitude).
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Therefore, the rth natural frequency of the non-linear vibration of the wire in Hertz will be

f
�
"

1

2��p�#
3�

�
p�
�
l�
�

4(r�)�
, (35)

where �
�
and p

�
are de"ned in equations (21a) and (21b).

The accuracy of the solution provided by the perturbation method depends on a number
of facts such as the order of magnitude of the chosen small parameter �

�
, the order of

problem non-linearity, and the number of terms which are considered in the perturbation
expansion.
If the magnitude of the non-linear term in the equation is very small compared with those

of the other terms, a few "rst terms of the expansion will provide an appropriate accuracy of
the solution and in this case, the remaining terms of the expansion will have a small
contribution to the solution. Therefore, one may neglect those terms. In the numerical
examples considered in the next section non-linear vibration of a wire is investigated. In
these examples, �

�
is much smaller than unity, e.g., for the cases plotted in Figures 2 and 3,



Figure 3. The in#uence of the vibration amplitude on the "rst four natural frequencies of the vibrating string
and the wire according to the four theories: (a) the "rst mode, (b) the second mode, (c) the third mode, and (d) the
fourth mode. )))))))), linear vibration of a string; - ) - ) - ) -, linear vibration of a wire (bending moment e!ects); - - - - - - - -
non-linear vibration of a string;**, non-linear vibration of a wire (the e!ects of the bending moments and the
vibration amplitude).
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the minimum value of �
�
is 1)6�10�� and 4)9�10��, respectively, and the maximum value

of �
�
for the mentioned cases is 0)016 and 0)029, respectively. In such cases, the solution

obtained by neglecting the terms with higher powers of �
�
, i.e., 2, 3,2, will provide excellent

accuracy for the approximate solution. The solution will present the non-linear behaviour
of the wire adequately. However, in order to study very large amplitude vibrations of the
wire, one must consider more terms of the perturbation expansion series.

4. ILLUSTRATIVE EXAMPLES

In this section, the large amplitude and non-linear free vibration behaviour of a stretched
wire with the given geometrical dimensions and mechanical properties is examined, and the
results are compared with those of the linear and non-linear vibration of a string as well as
with those of the linear vibration of a wire.
Equations (33) and (35) represent the large amplitude vibrational motion of a wire and its

rth mode natural frequency. These two equations have been derived by considering the
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e!ects of the bending moments and an increase in vibration amplitude. Due to these e!ects,
the equation governing the non-linear vibration of the wire has a non-linear behaviour. By
neglecting the appropriate terms of the above-mentioned equations, one may achieve the
results of the classical theory of the string vibration, the non-linear theory of the string
vibration, as well as the linear theory of the wire vibration. If the coe$cient of the non-linear
term, i.e., �

�
, is equal to zero, then the linear vibrational behaviour of the wire will be

obtained, and if the bending moment e!ects are neglected i.e., EIK0, the non-linear
vibrational behaviour of a string will be resulted. Moreover, if both of the above-mentioned
e!ects are disregarded, then the results match those of the classical theory of the string
vibration.
In order to examine the in#uence of an increase in vibration amplitude on the rate of

non-linear behaviour of the wire vibration in the third mode, the motion of a wire particle is
plotted in Figure 2 against time, and the results are compared with those of the three
theories, i.e., the classical theory of a string vibration, the linear vibration of a wire, and the
non-linear vibration of a string. It is assumed that the wire is made of the steel with
�
�
"7860 kg/m�, E"210�10� Pa, diameter D"0)005 m, the length at the static
Figure 4. The e!ect of increasing diameter of the string on its natural frequencies according to the four theories:
(a) the "rst mode, (b) the second mode, (c) the third mode, and (d) the fourth mode. )))))))), linear vibration of a string;
- ) - ) - ) -, linear vibration of a wire (bending moment e!ects); - - - - - - - - non-linear vibration of a string; **,
non-linear vibration of a wire (the e!ects of the bending moments and the vibration amplitude).
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equilibrium position l
�
"1 m, and with the elongation (the di!erence between the stretched

and unstretched lengths) �"0)2�10��m.
It is obvious from Figure 2(a) that non-linear e!ects for the small amplitude vibration, i.e.,

c
�
"0)5�10��m, of the wire are very small. For such a case, the results of the two theories

for linear and non-linear vibrations of a string are the same, and also the linear and the
non-linear vibration theory of the wire give the same result. However, by increasing the
vibration amplitude, the four above-mentioned theories show a quite di!erent behaviour
Figure 2(d) shows the great di!erence between the four theories when the large amplitude
vibration of a string or wire is considered.
Figure 3 shows the in#uence of the diameter on the "rst four natural frequencies of the

vibrating string and the wire, based on the above four theories. It is seen that by increasing
the string diameter, the natural frequencies of all vibration modes obtained by application
of two theories, i.e., the classical theory of the linear vibration of the string and the linear
vibration theory of the wire, remain constant. However, the natural frequencies
Figure 5. The e!ect of initial elongation at the static equilibrium position of the string and the wire on the
natural frequencies according to the four theories: (a) the "rst mode, (b) the secondmode, (c) the third mode, and (d)
the fourth mode. ))))))), linear vibration of a string; - ) - ) - ) -, linear vibration of a wire (bending moment e!ects);
- - - - - - - - non-linear vibration of a string;**, non-linear vibration of a wire (the e!ects of the bending moments
and the vibration amplitude).
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corresponding to both the theories of the non-linear vibration of the string and the wire are
increased. The di!erence among the natural frequencies with a given vibration amplitude
obtained using the four theories are mainly due to the e!ect of bending moments and the
non-linear e!ect of vibration amplitude increase.
Figure 4 shows the in#uence of increase in diameter of the string on its natural

frequencies at di!erent modes with a large amplitude vibration, i.e., c
�
"0)005 m, according

to the four theories. When the diameter is small, the classical theory of the string vibration
coincides with the linear vibration theory of the wire, and the non-linear vibration theory of
the string coincides with the non-linear vibration theory of the wire for all vibrational
modes. This shows that if the diameter of the wire is very small, the bending moment e!ects
will be negligible in the vibrational behaviour of the wire. However, if the wire has a large
diameter, then the bending moment e!ects can not be ignored.

The in#uence of an increase in initial elongation, �, on the natural frequencies of the
string and the wire at di!erent modes with a vibration amplitude of c

�
"0)004 m, is shown

in Figure 5. This "gure shows that under the constant vibration amplitude, by increasing
the mode number, r, the di!erence among the natural frequencies which are obtained using
the di!erent theories are dramatically increased. The trend of the variations of the natural
frequencies in this "gure shows that the bending moment and additional tension a!ect the
natural frequencies at higher modes tremendously. In other words, the e!ects of excessive
tension of the wire during the lateral motion of the wire, causing the non-linear behaviour of
the vibration as well as the bending moment e!ects, will increase dramatically at higher
modes. As we know, based on the classical theory of the string vibration, the string could
not vibrate without the initial tension, i.e., ignoring the gravity force, the natural frequency
of an unstretched string, "xed at two ends, will be equal to zero. However, according to
Figure 5, and based on the three remaining theories, the natural frequencies of an
unstretched string or wire is not zero, and this is an important result which coincides with
the physical facts. In fact, when an elastic wire is "xed between the two points, any de#ection
can introduce tensional force and bending moments acting as the restoring forces, and
supply the system with the potential energy required to vibrate.

5. CONCLUSION

As it is seen from the previous sections of the paper, the bending moment is the most
important factor which changes the vibrational behaviour of the wire and the string. Unlike
the string, the bending moment acts as an additional restoring force in wire which increases
the capability of storing the potential energy. If the wire diameter and its vibration
amplitude are small, one may use the classical theory of the string vibration to predict the
vibrational behaviour of the wire with an acceptable accuracy, but by increasing the
diameter of the wire, there will be a great di!erence between the results obtained through
the application of non-linear theory of the wire vibration and those of the classical theory of
string vibration. For a given vibration amplitude, the di!erence will increase tremendously
by increasing the mode number (Figure 4).
Another phenomenonwhich in#uences the natural frequencies of the vibrating wire is the

value of vibration amplitude. By increasing the vibration amplitude, the coe$cient of the
non-linear term in the governing equation, �

�
, will increase. This parameter has a dominant

e!ect on natural frequencies, and by increasing �
�
, the natural frequencies of the wire

increase monotonically, e.g., as shown in Figure 3(a), the "rst natural frequency of a steel
wire with a length of 1 m, and a diameter of 0)005 m, with an amplitude of 0)5�10��m,
which is stretched by 0)2�10��m initially, is approximately 38 Hz, and it almost coincides
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with the result obtained through the linear theory of the wire vibration. However, its
natural frequency at the same mode and with an amplitude of 0)0045 m increases to 41 Hz.
Therefore, a 0)004 m increase in vibration amplitude of the mentioned wire at the "rst mode
causes 3 Hz increase in the "rst natural frequency. Now consider the in#uence of an increase
in vibration amplitude on natural frequencies of the wire at the fourth mode. It is obvious
from Figure 3(d) that the fourth natural frequency of the wire with the above-mentioned
characteristics and with a vibration amplitude of 0)5�10��m is about 222 Hz. However,
the natural frequency of the wire at the same mode, and with an amplitude of 0)0045 m is
increased almost to 335 Hz. By comparing these two cases, it is seen that the natural
frequencies of the wire at a given mode is highly related to the vibration amplitude.
Therefore, one may conclude that the wire diameter and vibration amplitude are the two
parameters which have predominant e!ects on vibrational behaviour, especially on the
natural frequencies, these e!ects cannot be neglected.
The third parameter which a!ects the natural frequencies is the initial tension force of the

wire. As Figure 5 shows, by increasing the initial elongation, �, the natural frequencies of all
vibrationalmodes which are obtained using the four di!erent theories are increased, and the
di!erence between the four theories at higher initial tensions is diminished. In order to
avoid the plastic deformation, it should be noted that the total strain at any point of the
vibrating wire must be smaller than the yield strain of the wire material. The total strain
which occurs in the wire material is mainly composed of three parts: the strain caused by the
initial tension, the strain caused during the vibration by the additional elongation of the
deformed wire, and the strain caused by the bending moments.
Reviewing all the "gures, it is seen that the classical theory of the string vibration and the

non-linear vibration theory of the wire are the lower and the upper limits of the four
mentioned theories, respectively, and in some extreme cases, the di!erence between the two
theories for predicting the natural frequencies is more than 100% (Figures 3(d), 4(d), and
5(d)). Therefore, if one uses the classical theory of the string vibration, the non-linear theory
of string vibration, or the linear vibration theory of the wire in order to approximate the
natural frequencies of the large amplitude vibration of the wire, the results will be inaccurate
and the use of these theories is not recommended.

REFERENCES

1. G. F. CARRIER 1945 Quarterly of Applied Mathematics 3, 157}165. On the nonlinear vibration
problem of the elastic string.

2. G. F. CARRIER 1949 Quarterly of Applied Mathematics 7, 97}101. A note on the vibrating string.
3. A. W. LEISSA and A. M. SAAD 1994 Journal of Applied Mechanics 61, 296}301. Large amplitude
vibrations of strings.

4. F. ZHU, R. SHARMA and C. D. RAHN 1997 Journal of Applied Mechanics 64, 676}683. Vibrations
of ballooning elastic strings.

5. C. A. TAN and S. YING 1997 Journal of Applied Mechanics 64, 394}400. Dynamic analysis of the
axially moving string based on wave propagation.

6. W. D. ZHU, C. D. MOTE and B. Z. GUO 1997 Journal of Applied Mechanics 64, 613}619.
Asymptotic distribution of eigenvalues of a constrained translating string.

7. Y. XIONG and S. G. HUTTON 1994 Journal of Sound and <ibration 169, 669}683. Vibration and
stability analysis of a multi-guided rotating string.

8. Y. TERUMICHI, M. OHTSUKA, M. YOSHIZAWA, Y. FUKAWA and Y. TSUJIOKA 1997 Nonlinear
Dynamics 12, 39}55. Nonstationary vibrations of a string with time-varying length and
a mass}spring system attached at the lower end.

9. Y. ACHKIRE and A. PREUMONT 1996 Proceedings of SPIE2¹he International Society for Optical
Engineering, Second International Conference on <ibration Measurements, =ashington, DC,
;.S.A., 540}549. Optical measurement of cable and string vibration.



NON-LINEAR FREE VIBRATION OF A STRING 691
10. RONG-FONG FUNG, JENG-SHENG HUANG, YUN-CHEN WANG and RONG-TAI YANG 1998
International Journal of Mechanical Sciences 40, 493}506. Vibration reduction of the nonlinearity
traveling string by a modi"ed variable structure control with proportional and integral
compensations.

11. L. MEIROVITCH 1967 Analytical Methods in <ibrations. New York: Macmillan Publishing
Company, Inc.

12. J. N. REDDY 1984 Energy and <ariational Methods in Applied Mechanics. New York: John Wiley
& Sons.

13. L. MEIROVITCH 1997 Principles and ¹echniques of <ibrations. Englewood Cli!s, NJ: Prentice-Hall
International, Inc.

14. A. H. NAYFEH 1973 Perturbation Methods. New York: John Wiley & Sons.
15. J. KEVORKIAN and J. D. COLE 1981 Perturbation Methods in Applied Mathematics. New York:

Springer-Verlag.

APPENDIX A: NOMENCLATURE

A the cross-sectional area of the string
c
�

the vibration amplitude of the rth natural mode of the wire
D the string diameter
dm the mass of the wire element
E the modulus of elasticity
f
�

the rth natural frequency of the non-linear vibration of the wire
G

�
(t) the time-dependent portion of the solution corresponding to the rth natural mode

g
�
(t) a new time-dependent function de"ned as g

�
(t)"[(¹

�
#EI��

�
)/�]G

�
(t)

I the cross-sectional area moment of inertia about an axis normal to x and y and passing
through the centre of the cross-sectional area of the wire

K the kinetic energy
l the length of the vibrating string at an arbitrary time
l
�

the initial length of the string at the static equilibrium position
M(x, t) the bending moment
p
�

"Er���/�
�
l�
�
[l

�
�#(r�D/4)�]

P the potential energy
P
�

the initial potential energy stored in the wire which comes from the initial tension force,
¹

�
P
�
(t) the potential energy which is caused by the bending moments

P
�
(t) the potential energy which is caused by the tension force

t time
¹ the tension force at a given point of the vibrating string at an arbitrary time
¹

�
the initial tension force of the string at the static equilibrium position

<(x, t) the shear force
x the spatial co-ordinate
y(x, t) the de#ection of the wire at an arbitrary point x and time t
>

�
(x) the spatial-dependent part of the solution which represents the rth natural mode shape

�
�

a frequency-dependent parameter
� the initial elongation of the wire
�l

�
(t) the di!erence between the vibrating wire length at time t and the length of the stretched

wire at the static equilibrium position
�
�

"�
�
c�
�
(r�)�/4l�

�
E[�/l

�
#(r�D/4l

�
)�]�, a small parameter which depends on the initial

tension, the mechanical properties and the geometrical dimensions of the wire as well as
the mode number and the corresponding amplitude of the natural vibration mode which
introduces the non-linearity into the equation

� the mass per unit length of the wire
�
�

the mass per unit volume of the wire
�

�
the rth circular natural frequency of the non-linear vibration of the wire

�
��

the rth circular natural frequency of the linear vibration of the wire
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